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ABSTRACT

The purpose of this publication is to motivate the need of validating numerical models based on time-domain
datafor nonlinear, transient, structural dynamics and to discuss some of the challenges faced by this technology. Our
approach is two-fold. First, several numerical and experimental testbeds are presented that span a wide variety of
applications (from nonlinear vibrations to shock response) and difficulty (from a single-degree of freedom system
with localized nonlinearity to a 3D, multiple-component assembly featuring nonlinear material response and contact
mechanics). These testbeds have been developed at Los Alamos National Laboratory (LANL) in support of the
advanced strategic computing initiative and our code validation and verification program. Conventional, modal-based
updating techniques are shown to produce erroneous models although the discrepancy between test and analysis modal
responses can be bridged. This conclusion offers aclear justification that metrics based on moda parameters are not
well suited to the resolution of inverse, nonlinear problems. In the second part of this work, the state-of-the-art in
the area of model updating for nonlinear, transient dynamics is reviewed. The techniques identified as the most
promising are assessed using data from our numerical or experimental testbeds. Severa difficulties of formulating
and solving inverse problems for nonlinear dynamics are identified. Among them, we cite the formulation of adequate
metrics based on time series and the need to propagate variability throughout the optimization of the modd’s
parameters. Another important issue is the necessity to satisfy continuity of the response when several finite element
optimizations are successively carried out. The publication concludes with a brief description of the framework
developed at LANL for the probabilistic validation and verification of nonlinear structural models. This discussion is
illustrated with results obtained when parameters of a model are optimized such that acceleration signals become

statistically consistent with measurements obtained during a series of impact tests.
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2 F.M. HEMEZ AND SW. DOEBLING

NOMENCLATURE

The “Standard Notation for Moda Testing & Analysis’ is used throughout this paper, see Reference [1].

Symbols not commonly used in the modal testing and structural dynamics communities are defined in the text.

1. INTRODUCTION

Inverse problem solving is at the core of engineering practices as such work generally involves designing a
system to target a given performance or to satisfy operating constraints. Increasingly, designers are faced with shorter
design cycles while their testing capabilities are reduced and the physics they must understand becomes more
sophisticated. The consequence is the need for larger-size computer models, coupled-field calculations and more
accurate representations of the physics. To improve the predictive quality of numerica models and enhance the
capability to extrapolate the response of a system, it is often necessary to formulate and solve inverse problems
where simulations are compared to field measurements [2]. In addition, it has been recognized that non-deterministic

approaches must be employed to alleviate our lack of test data and incompl ete understanding of mechanics[3].

The work presented in this publication deals with the formulation of inverse problems for correlating transient
dynamics to responses obtained from nonlinear finite element models. The application targeted is clearly structural
dynamics although most of the techniques discussed here either originate or find their counterparts in physics and
other engineering fields. The reason why time series rather than modal parameters are considered is essentially
because the increasing complexity and sophistication of engineering applications makes it necessary to andyze
systems with arbitrary sources of nonlinearity. Another motivation is the modeling of transient dynamic events,
such as explosive or shock responses, for which moda solutions make no sense due to the clustering of high-
frequency modes. For clarity, this paper is organized according to three main parts. First, several numerical ad
experimental testbeds are presented. These are used later for generating reference data or test deta that feeds various
test-analysis reconciliation techniques. Our intent is to introduce a series of problems that feature various sources of
nonlinearity and modeling difficulties and that can be used to challenge the existing model updating strategies. The
second part reviews the state-of-the-art in model updating and error control algorithms. The performance of severa
such techniques is assessed with data generated or collected using our testbeds. This demonstration is not an
exhaustive assessment of each method’ s advantages and limitations. The objective is rather to identify and resolve the
critical deficiencies with the ultimate goal of applying this technology to the problem of assessing the quality of a
nonlinear numerical model. Finally, a discussion follows that presents some of the key aspects that, we believe, will

drive the development of test-analysis correlation and model validation technology in the years to come.
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REVIEW OF MODEL UPDATING FOR NONLINEAR DYNAMICS 3

Among the applications of interest, we cite the development of numerica models for nonlinear vibration
problems. This would be the situation encountered when a mostly linear system is connected to a secondary
component. A good example is the dynamics of a ddivery vehicle-payload assembly. At the interface between the
two, several sources of nonlinearity and various energy dissipation mechanisms may have to be incorporated into the
model. One of our experimental testbeds is geared towards the modeling and analysis on nonlinear vibrating systems.
The other one features the impact of a steel cylinder that compresses a layer of elastomeric material otherwise
difficult to characterize with conventional testing procedures [4]. By correlating the transient acceleration response to
field measurements, this behavior is characterized and high-fidelity, physics-based modeling of the material can be
optimized. In the effort to reproduce the test data, several models are developed by varying, among other things, the
congtitutive law and the type of modeling. Then, the problem consists of assessing the degree of correlation between

test and analysis data and to carry out parametric optimization in an effort to validate each candidate model.

The publication is organized as follows. Section 2 offers a description of the four testbeds developed for
validating the existing model updating technology. We emphasize that the focus of this work is the development of
model validation strategies for nonlinear dynamics and/or highly transient events. Our testbeds reflect this
preoccupation. Section 3 summarizes conclusions reached after applying some of the available test-analysis
correlation techniques to nonlinear vibrating systems. The illustration presented in Section 3 features a 8-degree of
freedom, mass-spring system. Nonlinearity is introduced by the joint means of friction and a contact/impact
mechanism. In addition to showing the limitations posed by conventional, modal-based techniques, time-domain
methods are tested for their ability to identify damagein one of the linear springs. Section 4 draws on the previous
conclusions by showing that optimal control strategies must be used for addressing the main drawback of time-
domain formulations, that is, their inability to enforce continuous solution fields. Unfortunately, this additiond
constraint introduces a two-point boundary value problem, the resolution of which at each step of the optimization is
not (yet) compatible with the analysis of large-size, structural models. Finaly, Section 5 proposes a generd
discussion of modd validation applied to nonlinear systems and transient test data. Among other issues, we
emphasize the three key aspects of 1) enabling probabilistic structural analysis; 2) providing an efficient
characterization of the data by extracting multiple “features;” and 3) integrating statistical tests to the definition of

the cost function for parametric optimization.

2. TESTBEDS FOR THE VALIDATION OF NONLINEAR STRUCTURAL MODELS

In this Section, several numerical and experimental testbeds are presented. They have been found in the
literature or developed in support of the advanced strategic computing initiative and our code validation and
verification program. The examples discussed span a wide variety of applications and difficulty. The first three

(Sections 2.1 and 2.2) involve nonlinear vibrating systems. The last one (Section 2.3) represents a high-frequency,
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4 F.M. HEMEZ AND SW. DOEBLING

transient shock response. The sources of nonlinearity considered are either purely analytical (cubic springs are used
throughout Section 2.1), undetermined but localized (impact mechanism in Section 2.2) or parametric and distributed
(hyperfoam material and contact dynamicsin Section 2.3). These examples aso feature various mechanisms for the

dissipation of energy that can not, we believe, be reduced to the conventional, modal representation of damping.
2.1. NUMERICAL TESTBEDS WITH A CUBIC NONLINEARITY

Thefirst two testbeds discussed are purely analytical. They are formed of masses and linear springs. Damping is
considered in the first case only. Thefirst system exhibits a single degree of freedom and the second system has four
degrees of freedom. In both cases, the source of nonlinearity considered is a cubic spring, that is, the nonlinear,
internal forceis proportional to the third power of a displacement. The advantage of these numerical simulators is

that the modeling error and the noise-to-signal ratio can be controlled explicitly.
2.1.1. Single Degree of Freedom Oscillator

Our first numerical testbed is the single degree of freedom system pictured in Figure 1. This system is also
known as the Duffing oscillator and it has been studied extensively for the ability of its response x(t) to transition
from ordered to chaotic behavior. The equation of motion, the harmonic forcing function considered here and the
nonlinear, internal force are defined in equation (1). In the numerical tests performed, reference data are generated by
integrating equation (1) over a period of 30 sec. Then, the internal force is removed to introduce a modeling error.

The purpose of test-analysis correlation is therefore to identify this missing term.

X(t)

k nl m
9 9
M O+ A2 (0 (D) + R (0) =Foq (1)
Fox (1) = Foc0s(Q0): e (1) = k(1) (1)

m=256;d =0.32;k =1;k, =0.05;F, =25,Q =1

Figure 1. Numerical testbed: single degree of freedom mass/spring system with cubic nonlinearity.

Simulated “measurements’ are assumed to be available only at eleven equally-spaces samples. These consist of

displacement and velocity data. A total of 75 time increments are typically used to integrate the equation of motion
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REVIEW OF MODEL UPDATING FOR NONLINEAR DYNAMICS 5

in time between any two measurements. Although this testbed is probably the simplest one that could be imagined,
the amount of computation required for solving the inverse problem may be enormous (see Section 4). Figure 2
shows the difference between test and analysis time-histories before the model is optimized. Displacements ae
shown on the top half and velocities are shown on the bottom half. Clearly, the response predicted by the linear
model is inconsistent with test data. It is emphasized that measurements are assumed available only at the eeven

samples symbolized by the starsin Figure 2.
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Figure 2. Test-analysis correlation of the single degree of freedom system before model updating.
(Top half, displacement time-history; Bottom half, velocity time-history.)

2.1.2. Multiple-Degree of Freedom Oscillator

The second system investigated is a 4-degree of freedom, mass/spring system with cubic nonlinearity. Figure 3
provides an illustration and the nonlinear, internal force added to the equation of motion is defined in equation (2).
This system generalizes the Duffing oscillator to a multiple-degree of freedom case. A higher dimensionality is
required to study the effect of spatial incompleteness, that is, the effect of measuring the response at a subset of the
model’s degrees of freedom. The system shown in Figure 3 is excited with a random excitation and numerical
integration is used for obtaining the time-history of acceleration, velocity and displacement at the four degrees of
freedom. A total of 0.2 sec. worth of data are generated with a sampling period of 1.0e-04 sec. The reference data
consist of 200 equally-spaced “ measurements” at locations 1, 3 and 4. The objective of this test is to recover a 15%

stiffness reduction of the third linear spring when one of the system’s output is not available.
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6 F.M. HEMEZ AND SW. DOEBLING
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Figure 3. Numerical testbed: 4-degree of freedom mass/spring system with cubic nonlinearity.
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(Damage isinduced at spring number 3 and measurements are assumed available at locations 1, 3 and 4.)

2.2. EXPERIMENTAL TESTBED FOR NONLINEAR VIBRATIONS

Our testbed for model validation in the context of nonlinear vibration is the LANL 8-DOF (which stands for
Los Alamos National Laboratory eight degrees of freedom) system illustrated in Figure 4. It consists of eight masses
connected by linear springs. The masses are free to dide along a center rod that provides support for the whole

system. It also introduces a significant source of friction that constitutes the first modeling challenge.

Figure 4. LANL 8-DOF testbed. (Left: illustration of the system of its support stand.

Right: contact mechanism between masses 5 and 6.)
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REVIEW OF MODEL UPDATING FOR NONLINEAR DYNAMICS 7

Vibration tests are performed on the nominal system and on a damaged version where the stiffness of one of the
springsisreduced by 14%. The excitation is applied at the first degree of freedom (which therefore defines a driving
point measurement) and it consists of a random signal at various force amplitudes. Data generated via impulse
testing (hammer excitation) are also available. The responseis collected over aperiod of eight seconds with atotal of
2'% = 8,192 samples. A contact mechanism can be added between two masses to induce a source of contact/impact,
see Figure 4. Thisis achieved by attaching to two neighboring masses a pair of short, rigid rods with a very small
clearance between their extremities. As the system vibrates and the contact rods “bump” into each other, the
dynamics becomes increasingly nonlinear. Analyzing the test data using time-frequency tools such as wavelet
transforms shows significant shifts of the frequency content, making it somewhat difficult to rely on linear, resonant

modes to characterize this system.

Time-domain accel eration data are measured at each one of the eight masses and moda parameters are identified
using a classical frequency-domain curve fitting algorithm. Table 1 shows that the original, linear and undamped
model isin good agreement with the identified modal parameters prior to any parametric adjustment. Nevertheless, an
optimization is performed to resolve the more-or-less uniform shift in frequency seen in Table 1 for the first three
modes. The test discussed in this publication consists of identifying the damaged spring using a linear model that
does not account for the friction nor the source of contact/impact. The performance of conventional model updating
approachesis eval uated when the distance between test data and modeling is defined using modal parameters (resonant
frequencies and mode shapes). Time-domain techniques are also tested in Section 3 for their ability to identify the

(unknown) nonlinearity when less measurements than degrees of freedom are available.

Table 1. Test-analysis correlation of the LANL 8-DOF testbed for nonlinear vibrations.
(The table shows the correlation between the nominal, undamaged system without impact

between the masses and the corresponding linear model.)
Mode Identified FE Model Modal Assurance Frequency
Number Fregquency Frequency Criterion (MAC) Error
1 22.3 Hz 21.8 Hz 99.7% -2.3%
2 43.9 Hz 43.0 Hz 99.4% -2.0%
3 64.8 Hz 63.0 Hz 99.4% -2.8%
4 85.9 Hz 80.8 Hz 93.2% -6.0%
5 99.7 Hz 95.6 Hz 98.5% -4.1%

Finaly, we mention that test data from the 8-DOF LANL testbed can be made available to test modd
validation strategies. We believe that this is an interesting testbed because small-dimension, linear models can be
developed that provide a good starting point for test-analysis correlation. Nevertheless, some of the configurations
tested allow to discriminate between numerical techniques that would perform well when the dynamics remains linear

but that fail when nonlinear effects dominate the response.
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8 F.M. HEMEZ AND SW. DOEBLING

2.3. IMPACT TEST EXPERIMENT

The last testbed presented dedls with transient responses rather than nonlinear vibrations. The application
targeted is a high-frequency shock test that features a component characterized by a nonlinear, visco-elastic material
behavior. Results of several explicit finite element (FE) simulations are compared to measurements and parameters

of the FE models are optimized to improve the correlation.

An illustration of this setup is provided in Figure 5. It can be observed that the main two components (stedl
impactor and foam layer) are assembled to the carriage in a rather straightforward manner. The center of the sted
cylinder is hollow and has been fixed with a rigid collar to restrict the motion of the impactor to the vertica
direction. This assures perfectly bilinear contact between the steel and foam components, allowing the structure to be
modeled axi-symmetrically. In spite of this, a full three-dimensiona model is also developed to verify this
assumption’s validity. Besides the material modeling, another important parameter in this study is the amount of
preload applied by the bolt used to hold the assembly together. The torque applied was not measured during testing
and it isvery likely that it may have varied from test to test.

Tightening
Bolt

Steel
I mpactor

Hyperfoam
Layer

Carriage
< (Impact Table)

Figure 5. Description of the assembly of the cylindrical impactor and carriage.

The analysis program used for these calculations is HK S/Abaqus-Explicit, a genera-purpose package for finite
element modeling of nonlinear structural dynamics [5]. It features an explicit time integration algorithm, which is
convenient when dealing with nonlinear material behavior, potential sources of impact or contact, and high frequency
excitations. In an effort to match the test data, several FE models are developed by varying, among other things, the
congtitutive law and the type of modeling. Therefore, optimization variables consist of the usual design variables
augmented with structural form parameters such as kinematic assumptions, geometry description (2D or 3D), contact

modeling and numerical viscosity. Figure 6 illustrates two discretized models used for numerical simulations. One
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REVIEW OF MODEL UPDATING FOR NONLINEAR DYNAMICS 9

aspect of this experiment that we wish to emphasize is that modeling was performed prior to testing. It alowed
some degree of experimental design by providing valuableinsight regarding the response of the system, the type of

instrumentation to be used and its configuration.

Figure 6. Axi-symmetric model (left) and 3D model (right) of the LANL impact testbed.

During the actual test, the carriage that weights 955 Ibm (433 kg) is dropped from various heights and impacts
arigid floor. The input acceleration is measured on the top surface of the carriage and three output accelerations are

measured on top of the steel impactor that weights 24 Ibm (11 kg). Figure 7 provides an illustration of this setup.

Figure 7. LANL impact test setup.
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10 F.M. HEMEZ AND SW. DOEBLING

The impact test is repeated severd times to collect multiple data sets from which the repeatability of the
experiment can be assessed. Upon impact, the stedl cylinder compresses the foam to cause elastic and plastic strains
during a few p-seconds. Typica acceerations measured during the impact tests are depicted in Figure 8. Both daa
sets are generated by dropping the carriage from an initial height of 13 inches (0.33 meters). Figure 8 shows on the
|eft the acceleration response when a 1/4 inch-thick (6.3 mm) layer of foam is used and it shows on the right the
acceleration response with a 1/2 inch-thick layer (12.6 mm). It can be seen that over a thousand g's are measured on
top of the impact cylinder which yields large deformations in the foam layer. The time scale also indicates that the
associated strain rates are important. Lastly, the variation in peak acceleration observed on Figure 8 suggests that a
non-zero angle of impact is involved, making it necessary to model this system with a 3D discretization. Clearly,
modal superposition techniques would fail because of the following reasons: 1) contact can not be represented
efficiently from linear mode shapes; 2) nonlinear hyperfoam models, that possibly include visco-€elasticity, are nesded
to represent the foam’ s hardening behavior; 3) very refined meshes would be required to capture the frequency content
over 10,000 Hz. Although it may be possible to compute the solution via modal superposition for a single design,

the multiplication of such operation in the context of inverse problem solving would be totally unfeasible.
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Figure 8. Input and output accel erations measured during a low-velocity impact.

(Left: impact on athin layer of material. Right: impact on athick layer of material.)

The results available are summarized in Table 2 that gives the number of data sets collected for each
configuration tested. Dropping the carriage from two different heights results into different velocities at the time of

impact. The values obtained by integrating the acceleration signal match the analytical formula . = | /2ghgro, @

provide 60.4 in./sec. (1.5 m/sec.) and 222.9 in./sec. (5.7 m/sec.) for the low velocity and high velocity impacts,
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respectively. The reason why less data sets are available at high impact velocity is because these tests proved to be
destructive to the elastomeric pad and could not be repeated to study the variahility.

Table 2. Data collected with the impact testbed.

Number of Data Sets Low Velocity Impact High Velocity Impact
Collected (13 in./0.3 m Drop) (155 in./4.0 m Drop)
Thin Layer (0.25 in./6.3 mm) 10 Tests 5 Tests
Thick Layer (0.50 in/12.6 mm) 10 Tests 5 Tests

We are also interested in validating an elastomeric material model for which test data are available. Since the
original testing procedure that provided these data was quasi-static, it is our belief that the available model does not
represent the actual behavior with good fidelity at high strain rates. Hence, combining the impact test (that provides
sufficient resolution in the high strain region) to a numerical procedure for correlating time-domain measurements by

optimizing the material’ s stress-strain curve defines a novel material testing procedure.

3. ASSESSMENT OF MODEL UPDATING TECHNIQUES

The first part of this research is overviewed in References [2-3] and it consists in attempting to formulate
criteriafor measuring the correlation between test data and finite element results for nonlinear vibrations. Since we
have always constrained ourselves to 1) handle any type and source of nonlinearity and 2) enable both parametric and
non-parametric updating to be carried out simultaneously, very few techniques have been found in the published
literature that could meet our expectations. Typical examples of nonlinearities we are interested in include material
nonlinearity, contact and impact at the interface between two components. These are typical of nonlinearity sources
dedt with in the automotive and aerospace industries. As an illustration of this lack of techniques relevant to the
nonlinear world, the reader is invited to review from References [6-7] the state-of-the-art in model updating
technology. Among the earliest and most promising work in test-analysis correlation for nonlinear dynamics, we cite
the work by Hasselman, Anderson and Wenshui [8] and the work by Dippery and Smith [9].

A short overview of the optimization framework usually implemented for adjusting parameters of a model is
proposed in Section 3.1. Then, three examples are provided of techniques relevant to linear dynamics and modal data
(Section 3.2). We focus on defining their metrics as a practical way to measure the distance between test and analysis
data but details such as the computation of gradients, particular ways of resolving the spatial incompleteness and the
numerical implementation are not addressed here. Results of applying these techniques to the LANL 8-DOF damage

detection experiment are discussed in Section 3.3. In Section 3.4, a few metrics based on time series are proposed.
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12 F.M. HEMEZ AND SW. DOEBLING

Finally, a demonstration of time-domain updating is provided in Section 3.5 using the LANL 8-DOF testbed. Two
problems areillustrated: 1) identifying the location and extent of structural damage using time-domain data; and 2)

identifying an internal force based on partial measurements.
3.1. THEORY

Generally, parametric optimization is achieved by minimizing a“distance” between test data and predictions of
the numerical model, whether this distance is evaluated in the time or frequency domain. The optimization problem
can be formulated as the minimization of the cost function shown in equation (3) where the first contribution

represents the metric used for test-analysis correlation and the second serves the purpose of regularization
-1
mn 3 {R(p+6p>} (S| {Rio+ o0} +{ed [s,] {3 ®

Constraints such as p .. < (p, +0p,) < P, &€ added to the formulation to eliminate filter out local minima that

would not be acceptable from aphysical standpoint. In the test discussed in Section 3.3 for example, the parameters
of interest {Q are the seven spring stiffnesses alowed to vary of +/-30% about their nominal value. Weighting

matrices in equation (3) are generaly kept constant and diagonal for computational efficiency. They can also be
defined as covariance matrices which formulates a Bayesian correction procedure, as shown in Reference [3]. The only

real difficulty isthen to track the evolution of the covariance coefficients as parameters in the model are adjusted.

Obviously, many choices for the metric {Rj(p)} are available, the simplest of all being the difference between

test and analysis modal parameters. It is also known in the model updating community as the output error residue,

see Reference [10], because quantities being compared are outputs as opposed to the excitation inputted to the system

%F—qmﬂ

{R ( )} Eom—w(p)ﬁ

(ﬁl (p) 0 @)
D .0
@F—%@g

Formulations based on optimization problems may not be as efficient as other approaches, such as formulating
the adjoint problem [11], but they offer some advantages besides congtituting the overwhelming majority of inverse

problem solving techniques. Among others, the formulation (3) is independent of the set of partia differential
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REVIEW OF MODEL UPDATING FOR NONLINEAR DYNAMICS 13

equations or numerical solver used, independent of the optimization solver and defined only by the choice of metric

{RJ- (p)} . Nevertheless, we will demonstrate in Section 4 that this formulation is fundamentally wrong.

3.2. LINEAR MODEL UPDATING STRATEGIES

In addition to using the output residue documented in many publications among which we cite Reference [10],
the results summarized in Section 3.3 below involve the definition of the force and hybrid modal residues defined in
References [12] and [13], respectively. Thefirst oneisreferred to as a “force” vector because it estimates the out-of-

balance forces obtained when the (erroneous) model fails to match the measured dynamics
{Ri0} = Hk@)] - (=) IME]H o= (5)

The second one is referred to as a “hybrid” vector and it can be explained, in a ssimplified version, as being the

displacement field produced by applying the force vector (5) to the static system. It can be defined as
{Rie} ={a} {0} ©

where vector {4) j} is obtained by solving the following static system

[K@l{0] = (=) M@} o) ¥

The actual definition of the hybrid modal residue is more sophisticated, it can handle incomplete measurements
aswell as noisy data. Reference [13] offers a complete derivation and addresses some of the implementation concerns.
Clearly, the residue vectors (5) and (6) are dual and both vanish when the finite element model reproduces the
measured data with accuracy. The first metric offers the advantage of being very easy to compute and the second one
features nice properties in terms of numerical conditioning. The important issue of incomplete measurement which
may introduce a mismatch between sensor locations and degrees of freedom of the model is addressed in both
References [12] and [13]. An dternative to dealing with the problem of spatial incompleteness is to apply mode
reduction and the three metrics (4-6) accommodate condensation techniques with no difficulty. We emphasize that our
purpose is not to compare various figures of merit for their efficiency to identify sources of modeling error but rather
to illustrate the danger of moda-based updating when the system is characterized by a source of nonlinearity not
accounted for by the numerical model. Here, for example, friction in the LANL 8-DOF system is not represented.
Although the linear model provides a good agreement with test data before and after parametric correction, the update

failsto yield a positive identification of damage.
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14 F.M. HEMEZ AND SW. DOEBLING

3.3. VALIDATION OF MODAL-BASED METRICS

To illustrate that modal parameters are unable to characterize nonlinear dynamics properly, the numerical model
associated with the LANL 8-DOF system isrefined using three different cost functions based on metrics (4-6). The
objective of thistest is to make the updated, linear model match the identified mode shapes and frequencies with a
better degree of confidence than the oneillustrated in Table 1. In doing so, the main modeling error (a 14% tiffness
reduction located at the fifth spring) should be identified. Each time, the seven stiffness parameters are optimized
based on moda parameters extracted from the acceleration data. Measurements are assumed to be available at
locations 1, 4 and 7 only and the mismatch between the identified and numerical mode shapes is resolved using the
modal expansion procedure relevant to each metric. To decouple the definition of test-analysis correlation metrics
from algorithmic considerations, several optimization solvers are used to minimize the three cost functions. In this
study, the order-0, Simplex algorithm, the order-1, conjugate gradient algorithm and the order-2, BFGS ad
Levenberg-Marquardt methods are implemented. These classical solvers are described in many publications and

manuscripts among which we cite Reference [ 14].

A typica correlation after updating is illustrated in Table 3. It shows that the original frequency errors have
been reduced to very small amounts and that the correlation of mode shape vectors has been improved. Based on such
good correlation, most analysts would agree on the success of the updating procedure. However, the adjustment
brought to each of the spring stiffness values in Figure 9 proves it impossible to identify the precise location and
extent of structural damage. Worse, false positives (that is, stiffness reductions predicted at locations where no
damage was originally introduced) are obtained. In the context of a practica engineering application, such fase

positives would result into awrong diagnosis and/or erroneous stress predictions.

Table 3. Test-analysis correlation of the LANL 8-DOF testbed for nonlinear vibrations.
(The table shows the correlation between the damaged system without impact
between the masses and the adjusted linear model.)

Mode Identified FE Model Modal Assurance Frequency
Number Frequency Frequency Criterion (MAC) Error
1 22.3Hz 224 Hz 99.9% 0.3%
2 439 Hz 442 Hz 99.9% 0.6%
3 64.8 Hz 65.9 Hz 98.2% 1.7%
4 85.9 Hz 85.1 Hz 97.2% -0.9%
5 99.7 Hz 99.8 Hz 99.6% -0.1%

Authorized for unlimited, public release on December XX, 1999. LA-UR-99-XXXX. Unclassified.



REVIEW OF MODEL UPDATING FOR NONLINEAR DYNAMICS 15

The top half of Figure 9 illustrates the correction brought to each of the seven springs when the force resdue
metric (5) is implemented. Similarly, results of the hybrid residue metric (6-7) are shown on the bottom half of
Figure 9. The correlation listed in Table 3 corresponds to metric (5) and similar trends are obtained with metric (6-7).

The output error residue (4) fails to provide any meaningful model and these results are not commented further here.

15

Adjustment (%)

Finite Element Number

Adjustment (%)

15 1 1 1 1 1 1 1

Finite Element Number
Figure 9. Adjustment (%) brought to the seven spring stiffness parameters.

(Top: force modal residues (5) are minimized. Bottom: hybrid modal residues (6-7) are minimized).

We conclude from these results that situations may arise where modal-based metrics fail to estimate the “trug’
correlation between two data sets when one of them or both represent a nonlinear system. In the example presented,
the three metrics consdered seem to indicate that various models match the test data when, in fact, the actud
modeling error is not identified. Since various optimization solvers were implemented, we believe that these poor
results are to blame on the metric itself and not on potential convergence difficulties. Our conclusion illustrates the

need to define other metrics. Next, test-analysis correlation based on time seriesis discussed.

3.4. TIME-DOMAIN CORRELATION METRICS

Two time-domain metrics are introduced briefly. The first one correlates the measured and simulated signals

directly while the second one correl ates the subspaces to which these signals belong. Thisis achieved by making the
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16 F.M. HEMEZ AND SW. DOEBLING

numerical model match the singular values and vectors obtained by decomposition of the test data matrix, a procedure
generally referred to as principal component decomposition (PCD). Reference [8] offers a compl ete description of this
procedure. This presentation is not intended as an exhaustive discussion of time-domain metrics. Obviously, many
choices are possible depending on the application targeted. Our purpose is to introduce a few basic correlation

indicators and to test their efficiency using the testbeds defined in Section 2.

For clarity, we assume that the system of interest is modeled by a set of partial differential equations that can
be integrated in time to provide the time-history of various state variables. In structural dynamics, the second-order

equation of motion is described by
[M( )]EB X(p OF D+[K(p)]{><(p, t} +{F.(p.t} ={F..(t} ®

Equation (8) states that the system is in equilibrium when the applied loading in the right-hand side matches the

combination of inertia and interna forces in the left-hand side. The nonlinear internal force vector {Fint (p, t)}

accounts for any nonlinear function of the system's state variables. Since the numerical model can be parametrized by

a set of design variables {@ , time-domain responses such as the position vector {x(p, t)} are shown to depend
implicitly on these parameters. Next, we assume that time-varying quantities denoted by {u(t)} are obtained from

the state variables. These can represent arbitrary combinations of displacement, velocity and acceleration or any other
quantity (strain, pressure, etc.) that may be needed for engineering analysis. In the example below, acceleration daa
are employed. Since our objective is to generate amore accurate model, the ssmplest and most natural metric is the

root mean square (RMS) error between test and simulation data. The corresponding residue vectors are defined as
{Rt} ={u™=(t} -{u(p:t} ©)

The computational procedure consists of the following steps: 1) For a parametric model defined by adesign {@ , the

FE response is simulated via numerical integration of equation (8); 2) Residues (9) are calculated at prescribed degrees

of freedom and time samples; and 3) The cost function J(p) is optimized where

=3 z(um(t) u ) +a ¥ (p -pEm)’ (10

k_]_A“Np

For simplicity, equation (10) assumes a deterministic form. Nevertheless, generaization to a recursive Bayesian

formulation offers no difficulty provided that the covariance matrices can be updated at low computational cost.
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The PCD method validated in Reference [8] generalizes the notion of mode shape for nonlinear systems. Rather

than using a direct comparison between time series, test and simulation data are first assembled into matrices

Bul(ti) ul(ti+1) u]_(tf) E
[U(tI :tf )] = Suzfti) U2(fi+1) sztf) B (11)

%’INO(ti) Uy, (tig) - uNo(tf)E

Then, the subspaces spanned by the rows (or columns) of such test and analysis, rectangular matrices are estimated

using a singular value decomposition (SVD) expressed in terms of left, orthogonal singular vectors {(Dj} , right,

orthogonal singular vectors {Lle} and singular values o,

[u=]=[e=]==]w] " [UE]=[eE]=E] ve] (12)

Finally, the cost function used for optimizing the model’ s parameters { F} is defined as a combination of the distance

between the pseudo-subspaces (represented by the left singular vectors {qu} ), the energy difference of each signal

(represented by the singular values oj) and the error in time series (represented by the right singular vectors { qu} )

_ 1 2 1 2 1 2 nominal ||2
Xp) = 7 RO + TISEPI; + =g 3¥P + ofp —p™ *
where the normalized errors between test and analysis components of the SVD’s are defined as
test] T
[30(p)] = [@=] [@(p)] -[1]
(14)

[5x(p)] =[==] (=] - 2(0)])
[3w(p)] =[w=] [Wp)] -[1]

Since the singular vectors are orthogonal, they provide a basis of the multi-dimensional manifold to which the
nonlinear signals belong [15]. The PCD consists of minimizing the distance between these decompositions. In
addition, the SVD offers a practical way of filtering out any measurement noise or rigid-body mode contribution
because these are typically associated with singular values much smaller than those characteristic of the dynamics.

However, we emphasize that the SVD can generally not be used for detecting the presence of a nonlinearity.
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18 F.M. HEMEZ AND SW. DOEBLING

3.5. VALIDATION OF TIME-DOMAIN METRICS

The results are briefly discussed of applying the time-domain correlation metrics (RMS and PCD errors) to
some of our testbeds. First, results with the 4-DOF numerical testbed are presented (Section 3.5.1). This illustration
consists of reconstructing the evolution in time of design parameters when a set of incomplete, time-domain
measurements are provided. Then, a numerical model is adjusted to locate structural damage in Section 3.5.2. The
data set used originates from testing a linear configuration of the LANL 8-DOF system. Finally, Section 3.5.3

shows the identification of atime-varying internal force when a nonlinear version of this system isinstrumented.

3.5.1. Numerical Simulation

One of the motivations for time-domain updating techniques is to identify the evolution in time of design
parameters. Thisis for example critical to the area health monitoring where a system is instrumented continuously
and the vibrating characteristics are analyzed to detect changes in its properties. Practically, multiple optimizations
must be performed for successive time windows to “follow” the time-history of a subset of parameters, each

parameter being assumed constant within a particular time window.

The example presented here illustrates this “ successive optimizations® strategy. The 4-DOF system pictured in
Figure 3 is optimized to identify a 15% stiffness reduction of its third spring using measurements at locations 1, 3
and 4. Since degree of freedom 2 is assumed to be unknown, model reduction isimplemented to reduce the numerical
model down to the subset of three measurements. Then, the reduced-order equation of motion is integrated in time
and the RM S error (10) is optimized. Our reference solution is a noise-free simulation performed with the damaged

set of parameters {k, =k,;k, =k,;k; =0.85k,;k, =k} Where k, isthe nominal stiffness equal to 322 psi (2.22 MPa).

Figure 10 represents the convergence obtained when the four stiffness parameters are optimized. Instead of
performing a single optimization over the [0;0.2] sec. interval used for numerical integration, ten optimizations are
performed over windows each 0.02 sec. in length. For this simple example, successive optimizations yield faster
resolution times than a single optimization. The reason can be observed from Figure 10. The location and extent of
damage are identified after a single optimization of 1/10-th the amount of data points; then, subsequent optimizations
converge much faster because the starting point is very close to the optimum solution. Another explanation is that
the time spent computing the cost function (10) or (13) is governed by the integration of the equation of motion.

With smaller time windows, cost functions J(p) are evaluated faster which also contributes to smaller computational

times compared to the single optimization case.
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Evoiution of Spring Stiffnesses in Time {Cass 3)
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Figure 10. Convergence obtained during the optimization of four spring stiffness parameters.

(The PCD cost function (13) is defined with measurements at locations 1, 3 and 4 on the 4-DOF testbed.)

We emphasize that, in this example, the nonlinear spring is known exactly and, therefore, the form of the
model is available explicitly. The modeling error consists only of erroneous parameters which is the definition of a
parametric optimization problem. This situation is different from the example discussed in Section 3.5.3 where the

model form itself isincorrect which leads to non-parametric optimization.

3.5.2. Detection of Structural Damage

Next, results of applying the PCD cost function (13) to the LANL 8-DOF testbed are briefly summarized. The
configuration used for this test is identical to the one described in Section 3.3 (same linear system, sensing
configuration and damage scenario). The only difference isthat, instead of using modal datato formulate the metrics,
the PCD cost function is now implemented using three acceleration measurements over a single [0;2] sec. time

window. Results discussed here can be compared directly with those of Section 3.3 (see Figure 9).

The adjustment brought to the seven springsis represented in Figure 11 in percentage of the original stiffness
value. The only spring that witnesses a significant reduction is the fifth one, as expected. In addition, the 17% loss
of stiffness predicted is in very good agreement with the 14% reduction inflicted during the vibration test. The
stiffening of springs 1, 2 and 6 can not be explained other than by evoking the implicit least-squares nature of the
solution procedure that tends to smear the adjustment throughout the set of parameters. Nevertheless, these
corrections remain small in magnitude and inconsistent with a damage. As mentioned previously, we believe that
friction plays an important role in the dynamics of the mass/spring system. The reason is that large modal damping
ratios (over 10%) are identified from the test data which is inconsistent with the oscillations observed (the
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20 F.M. HEMEZ AND SW. DOEBLING

acceleration response does not feature an exponential damping anywhere comparable to 10%). The fact that friction is

not accounted for in the numerical model may also contribute to the distortion of the solution.

Adjustment of Spring Stiffneszes (Springs)
T

Percentage of Siiffness Adjustment

o0 1 1 1 1 1 1 1
g a % A g [ 7
Finite Element Number

Figure 11. Adjustment brought to the seven spring stiffness values.
(Damageinflicted at spring 5 in the form of a 14% stiffness reduction is recovered by optimizing
the PCD cost function defined with acceleration time-series at locations 1, 4 and 7.)

This example confirms our intuition that time-domain metrics may outperform modal-based metrics when the
dynamics investigated is significantly nonlinear and/or modal parameters are not well suited to its description. They
however introduce problems of their own that are addressed in Sections4 and 5. Currently, this testbed is the object
of further attention. Data sets featuring other damage scenarios and various severity of the nonlinearity ae
investigated with the help of more sophisticated numerical models. Our intent is to check whether this methodol ogy
always improves the predictive quality of our models.

3.5.3. ldentification of a Non-measured Internal Force

The next test consists of applying the time-domain correlation technique to the identification of the internal,
unmodeled force. In this example, a data set is used for which the contact mechanism is enabled, therefore,
introducing a source of contact/impact during the vibrations. As before, only acceleration outputs at locations 1, 5
and 6 are assumed available. Since the correlation involves three measurements only, model reduction is
implemented to condense the finite element matrices and force vectors. The particular technique chosen preserves
exactly the lowest frequencies and mode shapes of the linear model [16]. Our modédl is perfectly linear except for the
addition of an internal force vector. Arbitrary internal forces are applied at each one of the eight masses and test-

analysis correlation is used for estimating these force levels at prescribed time samples.
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The overall procedure goes as follows. Unknowns of the optimization are the eight force components.
Correlation is based on the first 90 acceleration measurements that span a [0;0.168] sec. time window. For the
numerical simulation, finite element matrices and force vectors are reduced to the size of the test model (locations 1,
5 and 6 only) and the response of the condensed moded is integrated in time using 10 sampling points between any
two measurements. As the response isintegrated in time, the stiffness values and internal force vector are optimized.
Figure 12 illustrates the correlation of the three acceleration outputs before and after the update when the cost
function is defined by the PCD metric (13). Combining the reconstructed internal force to the linear model provides a

clear improvement of its predictive quality.

Accelerations Before FE Model Updating
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Figure 12. Comparison of measured and simulated acceleration time history for the LANL 8-DOF testbed.

(Top: before non-parametric optimization. Bottom: after non-parametric optimization.)
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Figure 13 shows the reconstruction of internal force as optimizations are performed for each time interval
containing three consecutive measurements. In other words, 30 optimizations are performed, one every 0.0056 sec.
No clear interpretation of this forcing function can be made. Notice however that the internal force at location 1 is

approximately equal to zero which seems consistent with the fact that degree of freedom 1 is the driving point where
the random excitation is applied.
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Figure 13. Time-history of the LANL 8-DOF system’s internal forces obtained via model correlation.

This second application of the LANL 8-DOF testbed illustrates the concept of non-parametric updating via test-
analysis reconciliation. Handling incomplete measurement sets seems to offer no significant difficulty other than
computational but further investigation into this issue would be required before a definite conclusion can be reached.
After having studied the case of nonlinear vibrations, the next step is to apply the time-domain techniques to
transient test data. The impact testbed is developed for this purpose and future publications will demonstrate the
validation of larger numerical models using test-analysis correlation in the context of explicit, time-domain solvers
and probability integration (see the discussion in Section 5).

4. OPTIMAL ERROR CONTROL

One problem of time-domain model validation that has not been addressed previoudly is the reconstruction of
continuous solution fields during the optimization. Thisissue is fundamental because, if the inverse problem is not
formulated correctly, the numerical model yields discontinuous acceleration, velocity and displacement fields which
contradicts the laws of mechanics for the class of problems investigated here. After explaining where discontinuous
solution fields originate from, a new formulation of the inverse problem in the time domain is proposed. It is based

on the theory of optimal control, as explained in References [9] and [17], and relies on the resolution of multiple
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two-point boundary value problems (BVP). When satisfactory solutions to the two-point BVP's are obtained, the
numerical model is guaranteed to match the measured data at the beginning and at end of the time window considered.
We emphasize that the idea of optimal error control is not an original one. Full credit must be given to the authors
of References [9] and [17] athough their motivation was somewhat different. Our contribution is to provide a

complete derivation of the algorithm which is needed for the discussion in Section 4.5.
4.1. DISCONTINUITY OF THE SOLUTION FIELDS

The strategy of implementing successive optimizations produces several optimized models, one for each time
window considered. Thisis necessary not only for computational purposes but also because some of the parameters
being optimized may vary in time and following such evolution as it is occurring may be critical to moded
validation. However, nothing in the formulation of the inverse problem enforces continuity between the solution
fields obtained from models optimized within the i-th and (i+1)-th time windows. Since the optimization variables

can converge to different solutions {0} and {pt+} in two successive time windows, the discontinuity of the

solution can be written, for example, in terms of the displacement field as

lim x(p®, 1) # lim x(p®*?, 1) (15)
tot tot

t<t, t2t;

Of course, discontinuity arises only at the passage from one window to the next. This is artificial because the
datarecord can be sub-divided into an arbitrary number of optimization windows. Figure 14 illustrates this problem

for the previous 4-DOF example (see Section 3.5.1).

Percentages of Acceleration Discontinuity

Optimization Interval
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‘ I I
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Figure 14. Discontinuity of the acceleration field (4-DOF testbed).

Authorized for unlimited, public release on December XX, 1999. LA-UR-99-XXXX. Unclassified.



24 F.M. HEMEZ AND SW. DOEBLING

Figure 14 represents the average “jumps’ obtained at locations 1, 3 and 4 as the acceleration values predicted at
the end of the i-th time window are compared to values predicted at the beginning of the (i+1)-th time window for
i=1...9. Although the design variables converge to the correct solution (see Figure 10), the sequence of models fails

to provide continuous accel eration, velocity and displacement fields.

In the following, it is explained how optimal control strategies can be implemented to solve the inverse test-
analysis correlation problem while reconstructing continuous solution fields and identifying the source of modeling
error. An application to a single degree of freedom system shows that the optimal control approach does indeed
resolve the discontinuity but also that practica applications remain out-of-reach because of the extreme

computational requirement of the algorithm.
4.2. TEST-ANALYSIS CORRELATION VIA OPTIMAL ERROR CONTROL

For clarity, the evolution of the system investigated is recast as a set of first-order, partial differential equations.
In structural dynamics, this would typically be achieved using the state-space form. We emphasize that the first-order
formulation is used for simplicity only; the algorithm can be implemented in terms of second-order systems if
computational efficiency dictates so, as we show in Section 4.3. Our starting point is a time-domain solver that

provides a solution {x(t} to the set of nonlinear equations

E%@@:{F(p.x,t)} +{e(t) (16)

In equation (16), vector {e(t} represents the contribution of ageneric modeling error. It includes everything that

the numerical model does not account for. It is important to realize how genera this definition is: the error
contribution can be defined as a combination of modeling errors, discretization errors, etc., but it can also account for

experimental or numerical variability. We also introduce the notation {y(t} that represents a vector of “features,” that
is, quantities obtained from the solution vectors {x(t} and that can also be assessed from the measurements. This

vector can, for example, represent an arbitrary combination of acceleration and pressure data at various locations.

Theinverse problem is re-formulated as follows. The objective isto reconstruct continuous, time series such as

{x@} in such away that the features in {y(t} match the test data. Simultaneously, the procedure must provide a
parametric adjustment of the model’s design variables {3 and identify the unknown, non-parametric error {e(t} . For

simplicity, the cost function is formulated as the RMS error between test and ssimulated data but it can be verified
that any cost function may be used instead. Since the unmodeled dynamics plays a role identica to that of a
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controller in the theory of optimal control, a “minimum effort” penalty term must be added to avoid generating

unredistic error levels. Hence, the basic cost function can be stated as

X9)= Zg{y‘e‘(tk)} ~{ye.te}) [s @] [[y= e} - vt} )+

=1--N,

Zie(tk)}T[see(tk)]‘l{e(tk)} (17

k=L--Ng

The resolution procedure is a direct application of the theory of optimal control. First, the cost function (17) is

augmented with the evolution equation (16). Thisis achieved by introducing a vector {x} of Lagrange multipliers

(also referred to asthe system’s “ co-state” variables) that penalize the total cost in the event where the state equation
is not satisfied. The augmented cost function is defined as

Jpix;€) = ZS{ym(tk)} ~{yete}) [s, @] [[y= e} -(viot})

. T DX 19

+k:;£e(tk)}T[see(tk)]‘l{e(tk)} A} %—(tk)g {Fpx;t)} -{e(tk)}g

Adding a set of variables {x\} may seem inconsistent with the objective of simplifying the resolution

procedure. The reason is that these new unknowns provide additional equations that can be solved for to ensure that
the numerical solution matches the test data at the beginning and at the end of each time window. The numerical

algorithm is obtained in a classical manner by: 1) converting 3 into a continuous functional; 2) performing an

integration over the time window CH| consdered; and 3) applying the necessary conditions gj -0 ad gj =o. It
X e

yields the following set of governing equations that must be solved simultaneously in each time window [t;t,]

E‘%(t)@#ﬂpyx,t)} +e(t)

B RS d

oy OFF %;(p,xt)gh(t)}

{e(t} = _E[See(t)]{)‘(t)} (19)

) =) +22 (ptk)H[sw(to] {y=e -{veud)

{x} :{x“ﬁ(ti)} o{ A(t;}) =0
{xti.o} :{Xm(tiﬂ)} 0{ A(ﬁﬂ} =0

It can be observed that the fourth equation above represents the discontinuity of the co-states. As expected, it is

shown to be a direct consequence of how well test data are reproduced by the numerical model. To the extent where
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the observation vector matches the test data exactly, no discontinuity is propagated to the co-states. The last two of
equations (19) ensure that the test data are reproduced at the beginning and at the end of each time window. The only
remaining step is to integrate this procedure to a parametric optimization solver. The solver itself may be any “black
box” optimizer that the user finds convenient to implement. The basic requirement is that the value of a cost

function J(p) be obtained for any arbitrary design {g . This calculation is summarized below.

4.3. NUMERICAL IMPLEMENTATION

To illustrate how the optimal control formulation can be applied to structural dynamics, equations are
transformed back into their second-order form. The five-step procedure outlined below is encapsulated within the
optimization solver. For agiven set of variables {g , the cost function J(p) defined in equation (17) is calculated by:

Step 1. Choice of the initial condition {x}: Given a paticular design {g , the co-stat€'s initial

condition must be obtained that minimizes the difference between test and numerical data. The cost function to

minimize can, for example, be defined asthe RM S error

o) = z&{yt&(tk)} ~{y0ot}) (= -{ydotd) (20)

k=1,i

This optimization problem introduces the two-point boundary value problem mentioned previously because,
once the optimum is found, the observation vector is guaranteed to match test data at the time increments
considered. The optimization problem defined by cost function (20) would typically be embedded into the outer,

parametric optimization loop. In addition, calculating the feature vector {y(,,t} for a given initial condition

{ro requiresthe evaluation of Steps 2-5 below which renders the entire procedure extremely time-consuming.

Step 2. Time integration for the co-state: Once the initial condition has been optimized to ensure
continuity of the solution fields, the co-state equation (19) is integrated. The equivalent second-order formis

92 )\(t) AR

[M(p)] 0 at O

0 0 (21)

Note that this system is unstable: it can be verified that some of its eigenvalues are complex with a positive

real part. Very short time windows [t;;t,,,] must be considered so that oscillations do not have time to grow

unstable. The obvious inconvenient isthat shorter windows require more two-point BV P’ s to be solved.
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Step 3. Reconstruction of the non-parametric, unmodeled dynamics:
1
{a(t} = -Z[Se®]{ At} (22)

Step 4. Integration of the equation of motion: The second-order equation of motion is integrated

with the contribution of the modeling error identified at Step 3 and starting with the initial condition
{xt:} :{Xm(ti)} and {x:} :{Xt%t(ti)}

[ME]{} +[KENxt} +{Fu@t} ={Foe®} +{et} (239)

Adding the error term in equation (23) guarantees that the displacement, velocity and acceleration fields match

the measured data at the end of the current time window, t, =t,,,. Potential discontinuities are “absorbed” by the

i+1"
co-state and error variables. Note that the tolerance used for monitoring the convergence of the two-point BVP
(20) defines the maximum allowed discontinuity of the solution fields. A trade-off between the continuity

constraint and the computational requirement can therefore be achieved.

Step 5. Calculation of the cost function: Finaly, the feature vector {y} is estimated using the
solution fields obtained by integrating equation (23). The cost function Jp) is calculated from one of the

definitions (10) and (13) or any other if more appropriate metrics can be defined.

So far, the choice of matrices [syy (t)]  [Se(] ad [Spp(t)] (if @ minimum-change contribution is added to the cost

function) has not been discussed. If kept constant, it is most convenient to adopt diagona matrices. However,

Reference [9] reports that the selection of weightsin [Se(®] Can be critical to the overall convergence, in which case

a second inner loop should be implemented to adjust these weights as needed. The weighting can also be defined in
terms of covariance matrices for implementing a maximum likelihood approach or a Bayesian parameter

identification method. Variance and covariance data in matrix [Syy(t)] are obtained directly from test data. Similarly,
variance and covariance data in matrix [spp(t)] are derived from the model’s uncertainty characterization. The only
computational difficulty is the evaluation and updating of the error covariance matrix [Se ()] - The analyst must

generally compromise between computationa efficiency (that favors uncorrel ated statistics and diagonal matrices) and

accuracy (that requires higher-order approximations and multiple matrix factorizations).
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To illustrate the optimal error control approach, a numerical example is presented that involves forced
vibrations of the single-degree of freedom, Duffing oscillator. This simple, nonlinear system provides a good

understanding of the method’ s capability and limitation, as discussed below.
4.4, NUMERICAL ILLUSTRATION USING A SINGLE DEGREE OF FREEDOM SYSTEM

To illustrate how the optima control algorithm works for solving an inverse, test-analysis correlation

problem, the Duffing oscillator presented in Section 2.1.1 is investigated.

As mentioned previously, the set of equations (1) isintegrated in time to generate the reference data. Then, the
internal force is removed. Therefore, the starting model is linear and the (unknown) modeling error is simply

e(t) = R, (t). No noise is added although this would typically be handled by setting the covariance matrix [Syy(t)] toan

upper-bound estimate of the amount of noise in each signal. Ten successive optimization windows [titi.] @€ defined

i+l

over the 30 sec.-time period and atotal of 75 increments are used for integrating the solution within each window.

The feature vector {y(t} considered simply collects the displacement and velocity responses at the eleven samples t;

where test data are assumed available. The error weighting matrix is kept constant with weights equal to one half

Ok (t,)0 X(p. )0 05 00
S i B R e N @)

Figure 15 illustrates the correlation of the updated model. The procedure outlined in Section 4.3 identifies the
internal force as afunction of time and this result is shown in Figure 16. It can be observed from Figure 15 that the
optimized model is in perfect agreement with test data at the sampling points. The dashed line that represents the
response of the model after optimization matches each measurement and provides a significant improvement over the
original response in Figure 2. We emphasize that only points shown by the eleven starsin Figures 2 and 15 are usd
to fit the model; the baseline pictured by the solid line is shown only for the purpose of assessing whether or not the
model reproduces the “continuous’ solution. This example illustrates that the corrdlated model can generate

continuous displacement, velocity and accel eration fields even though ten independent optimizations are performed.

It can be concluded from Figure 16 that the error identified from this procedure approaches the “true’ cubic
nonlinearity with a fair accuracy considering the small number of measurements used. Both the periodicity and
overall amplitude of the nonlinear force are captured. At the very least, this solution would provide some insight into
the nature of the nonlinearity and the approximate value of the nonlinear spring. For example, if a simple parametric

model such as g(t) = a(x3(t)) is curve-fitted in the least-squares sense to the values of e(t) obtained in Figure 16, the

nonlinear spring stiffnessis estimated to be equal to a = 0.065 instead of the value k, = 0.05 used (30% error).
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Figure 15. Test-analysis correlation of the single degree of freedom system after model updating.

(Top half, displacement time-history; Bottom half, velocity time-history.)
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Figure 16. Non-parametric identification of the modeling error with the single degree of freedom system.

(Test data are assumed to be available at 11 sampling points.)
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Since the error vector is estimated directly from the co-states in equation (22), discontinuities obtained when the
solution progresses from one time window to the next are visible in Figure 16. We emphasize that such
discontinuities are artificial (because the number of time windows is arbitrarily chosen by the user) and a dedicated
data treatment could be implemented to filter them out and curve-fit a continuous error field. The theory of optimal
control states that the controller becomes continuous if an infinite number of observations are available. For our

application, this means that the error vector should converge to the “true” error if more measurements are available.
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Figure 17. Non-parametric identification of the modeling error with the single degree of freedom system.
(Test data are assumed available at 151 sampling points.)

Thisis verified in Figure 17. The same problem is analyzed with, thistime, atotal of 151 measurements. This
results into 150 two-point BVP's and optimization problems. To keep the sampling period At unchanged, five
increments are used for integrating the solution between any two successive measurement samples. In Figure 17, the
true nonlinearity is represented by the solid line while the identified error is represented by the dashed line. It shows
that the optimal error control delivers a very accurate estimation of the unknown dynamics as the number of
measurements increases. A direct result is that the displacement, velocity and acceleration fields predicted by the

optimized models, while remaining continuous, match the test data with even greater accuracy.

4.5. DISCUSSION OF THE RESULTS

The important conclusion that we emphasize in this Section is that extreme care must be brought to the

formulation of model validation when time series are employed. Unconstrained optimization may result into
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discontinuous solution fields. This difficulty can be aleviated by formulating an optimal controller of the modeling
error. Thisisavery attractive technique since not only does it handle parametric and non-parametric identifications
simultaneously but it also propagates uncertainty and variability using the Bayesian theory of information and it

provides arigorous framework for generating continuous solutions from an arbitrary number of optimizations.

However, this improvement comes with the additional cost of formulating a two-point BVP to guaranty
continuity of the solution. Since the procedure is embedded within an optimization solver, multiple two-point
BVP' s must be solved for. Unfortunately, the impact on the computational requirement is enormous. For example,
solving the Duffing oscillator problem requires atotal of 16 to 20 hours of CPU time depending on the number of
measurement points available. The 4-degree of freedom system shown in Figure 3 is also investigated. This
application consists in calculating the stiffness of each of the four springs and identifying the cubic internal force
(assumed unknown). The resolution requires about 70 hours of CPU time. These timings are obtained on a dedicated

R10,000/250 MHz processor when the algorithm is programmed within the environment provided by Matlab.

Clearly, these figures prohibit any application of the technique to practical engineering problems. It is for this
reason that other avenues must be explored. In the remainder, severa key aspects of model updating for nonlinear

systems are discussed and illustrated using real test data from our impact testbed.

5. DISCUSSION OF KEY ISSUES AND CHALLENGES

We wish to convince the reader that, for awide variety of test-analysis applications, techniques based on linear
dynamics and modal superposition are likely to fail. Hence, it is critical to validate numerical models by correlating
transient test data rather than steady-state, modal data. However, formulating correctly the inverse problem in this
case requires to solve multiple two-point boundary value problems, as explained in Reference [9] and illustrated in
Section 4. Our preliminary investigation of these techniques indicates that their computational requirements prohibit

their application to the types of problems we are interested in.

In addition to these difficulties, several problems have not yet been addressed. One of the most critical issue is
the choice of data metrics. Using mode shapes and resonant frequencies provides an efficient filtering of “noise” and,
in general, all random effects that may corrupt the underlying dynamics of the data set. When time-domain, nonlinear
data are investigated, this must be achieved by the combination of statistical analysis and adequate test-analysis
correlation metric. Among these important issues, we also cite the propagation of uncertainty through the analysis
and the generalization to the multivariate case of statistics developed for measuring the consistency of a data point
relative to a parent population. In the remainder, severa issues are discussed that, we believe, are critical to the

success of test-analysis correlation and model validation. They can be organized according to the following nine
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categories. 1) Characterizing the variability of an experiment/design; 2) Generating additional or surrogate data sets;
3) Extracting multiple features from the data; 4) Assessing statistically the consistency between multiple data sets;
5) Deriving high fidelity, physics-based material models; 6) Developing fast probability integration capabilities; 7)
Calculating probabilistic sensitivity coefficients; 8) Generating fast running models; and 9) Developing strategies for
model validation and verification. Our “philosophy” is to replace the formulation of inverse problems by a
methodology where error surfaces are generated from the resolution of alarge number of forward, stochastic analyses,
then, optimized to identify the source of modeling error. We believe that thisis the only alternative to the correct yet

computationally impractical formulation discussed in Section 4. This procedure is summarized in Figure 18.
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Figure 18. Flow chart showing the successive steps of model validation.

(Arrows symbolize the flow of information.)
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According to the procedure illustrated in Figure 18, optimization parameters and random variables are first
defined. Multiple FE solutions and multi-dimensional error surfaces are generated from statistical sampling. Error
surfaces provide a metric for test-analysis correlation and model updating. The first useful result is the sensitivity
analysis used to reduce the subset of potential optimization variables down to the most sensitive ones. Then, the
best possible model is sought through the optimization of its design parameters. Where these consist of random
variables, the procedure must either search for the most likely parameters (case where distributions are known) or
optimize the statistics (case where distributions are somewhat unknown). Finally, Figure 18 shows that, rather than
comparing response levels, the ability of a probabilistic model to reproduce test data must be assessed using the

response’ s cumulative density functions.

Besides having to account for uncertain inputs, imperfect material characterization and modeling errors during a
design cycle, the other reason for this approach isto recast model updating as a problem of hypothesis testing. When
the predictive quality of amodel is assessed, we believe that three fundamental questions must be answered:

1) Are results from the experiment(s) and simulation(s) consistent statistically?
2) What is the degree of confidence associated with the first answer?

3) If additional data sets are available, by how much does the confidence increase?

Hypothesis testing permits to answer these questions. The difficulty however is to assess the minimum
amount of data necessary to formulate a meaningful test and to implement such a test for large-scale, numerica
simulations. Although hypothesis testing is well-known, very little literature is available on the subject of
“population versus population” testing. Moreover, generalizing conventional tools to the multivariate case is not
immediate. This makes the whole procedure a non-trivial task and a matter of open research to a great extent. In the
remainder, the nine points listed previously are briefly addressed. Our purpose is not to review the corresponding
state-of-the-art nor isit to provide an in-depth investigation into these issues. Instead, we motivate their importance

and/or challenging aspects. Data from the LANL impact testbed are used to illustrate the discussion.

Variability of an Experiment or Design

Figure 19 shows the variability observed during the impact test (see Section 2.3) when the same configuration
(same sample of elastomeric material and impact velocity) is tested ten times. In Figure 19, the top half represents
the ten input acceleration signals measured and the bottom half shows the ten output acceleration signals measured at
one of the three sensor locations. Although the environment of this experiment is very well controlled, a small
spread in both input and output signals is obtained. This justifies our point that model correlation and validation
must be formulated as statistical pattern recognition problems[18].
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Figure 19. Acceleration signals measured during ten “similar” impact tests.

From Figure 19, variability of the test data can be assessed in a number of ways. The probability densty
function of the peak acceleration or that of the shock response function can be estimated if enough data sets are
available. Such representation tells us, for example, that the most probable pesk acceleration at output sensor 1 is
equa to 1,520 g's. What is therefore important is not necessarily that the correlated models reproduce the pesk
acceleration measured during a single test but that they predict the different acceleration levels with the same

probability of occurrence asthe one inferred from test data.

Additional or Surrogate Data Sets

This raises the question of the availability of multiple data seta. For many applications, the experiment can not
be repeated and the amount of measurements availableis insufficient to establish meaningful statistics. The method
of surrogate data offers an attractive solution, as demonstrated recently in Reference [19] with an application to
nonlinear dynamics. It can be used for generating additional data sets after the origina distributions have been

converted to unit Gaussian distributions via the Rosenblatt transform [20].

Similarly, it has been demongtrated that Monte Carlo simulations and the bootstrap are valid techniques for
propagating external uncertainty sources. By this, we mean that additional data sets can be obtained even if a single
experiment is available provided that the sources of uncertainty (sampling, A/D conversion, filtering errors; noise;
etc.) can be reasonably estimated. By using these tools to investigate multiple data features rather than simple
comparisons of time-series, we believe that a systematic procedure for the qualification of modeling uncertainty can

be developed based on test-analysis correlation whether a single test or repeated experiments are available.
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Feature Extraction

The next issue is therefore that of feature extraction. How can nonlinear, time-domain data be characterized if
modal parameters are irrelevant? Application-dependent metrics that are often critical during the design can be defined
but useful features must also provide a“fair” sensitivity with respect to input parameters and an overall measure of

the agreement between test data and numerical simulations.

An illustration is provided using the PCD metric described by equations (11-12) and applied to one of the
experimental data set collected during the impact test. Time measurements from the three sensors are gathered in daa
matrix (11) and its principal component decomposition (12) is calculated. The three singular values obtained from
test data are equal to 8.79e+06, 0.85e+06 and 0.13e+06, which clearly indicates that the dynamics is dominated by a
single “mode.” Figure 20 pictures the three left singular vectors (or pseudo-mode shapes) and right singular vectors
(or time series). Pseudo-mode shapes are normalized to unity and time series are scaled by the corresponding singular
values. Although the measured acceleration responses are clearly dominated by a single “mode,” the contribution
from the second PCD vector isfar from insignificant. It means that the dynamics of the impact is somewhat more
complicated than first thought, probably due to the compression and stretching of the foam pad relative to the
impactor. From the left singular vectors, it can be deducted that the first mode corresponds to the rigid-body steel
impactor compressing the foam pad because the vector exhibits roughly the same amplitude at the three sensors. The
second vector indicates that the impactor/foam assembly features a small inclination compared to the carriage. The

last vector probably involves elastic deformations of the steel impactor (first bending mode).
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Figure 20. Principal component decomposition of the LANL impact test data.

(Left: pseudo-modes normalized to unity. Right: time series scaled by singular values.)
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This example illustrates that important insight regarding the dynamics of the system can be gained from the
analysis of adequate data metrics. Obviously, we would want for a validated, numerical model to reproduce these
features and not just duplicate time-domain responses. The assessment of other metrics for test-analysis correlation is
currently being investigated with the firm belief that advantage can be taken from their diversification. Handling
various data features, however, introduces the problems of normalization and statistical assessment of multiple daa

sets and, possibly, multiple models. This last issue is addressed below.

Statistical Assessment of Multiple Data Sets

One of the open research issues that this work has identified is the problem of establishing a correlation
between multiple data sets. By this we mean “ assessing the degree to which two populations are consistent with each
other.” Our literature review seemsto indicate that tools for assessing the distance between multiple data sets are not

readily available in the context of statistical correlation and multivariate analysis.

Thisdifficulty isillustrated in Figure 21. It represents the peak acceleration values for channels 1 and 2 plotted
against each other. Data from repeated experiments and results from multiple simulations with two different models
are shown. The three ellipsoids in Figure 21 illustrate the 95% confidence intervals. Obviously, the predictive
quality of one of the two modelsis better because most of its data points (68 of 100) fall within the 95% confidence
interval of the test data. The other model predicts only 34 of 100 points within the test’s 95% confidence interval.
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Figure 21. Comparison of test and analysis data in a two-feature space.
(The 2D space represents the peak accelerations measured or predicted at sensors 1 and 2.)
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The investigation of multiple features against each other provides a powerful analysis tool. For example, the
ability of the modd to capture the sources of variability can be assessed from comparing the shape of confidence
ellipsoids in Figure 21. Obviously, this assessment would be impossible with the analysis of time-histories.
Unfortunately, quantitative indicators of the model's fit to test data are required when more than two features are
involved because higher-order graphics are difficult to interpret visualy. Although it remains an area of open
research, a statistical test such as the Kolmogorov-Smirnov hypothesis test can measure the consistency between
data points and cumulative density functions. In more complicated, multiple feature cases (see Figure 21), metrics
such as the Kullback-Liebler relative entropy may characterize the consistency between statistics of the test and
analysis populations. These two particular techniques are attractive because they are independent of the parent

distribution which would be a necessary condition when the objective is precisely to characterize a popul ation.

Fast Probability Integration for Large-scale Structural Dynamics

The notions discussed in this Section rely strongly on the capability to propagate variability throughout an
analysis. For large-scale applications featuring nonlinear, explicit models composed of several million elements,
Monte Carlo methods remain computationally too inefficient when it comes to predicting unlikely or catastrophic
events, which is one of the main reasons for carrying out an analysis. Stochastic finite element techniques and fast

probability integration methods must therefore be developed and interfaced with engineering codes.

This capability, that we are currently developing at Los Alamos National Laboratory through a module for
reliability analysis cadled NESSUS [21], is illustrated in Figure 22. To validate our hyperfoam model, the peak
accel eration observed during impact testing is predicted after having characterized the uncertainty of the simulation.
The uncertainty is assessed by defining several random variables associated to the type of contact conditions
implemented, the material modeling, the preload applied by tightening the center bolt and the velocity at time of
impact. Fast probability integration propagates these distributions using arelatively small number of finite element
solutions. Figure 22 represents the resulting probability distribution of the peak acceleration at output sensor 1. It
can be seen, for example, that the probability that the peak acceleration be less than 1,520 g'sis equal to 90%. Based
on thisresult, the consistency with test data (see Figure 19) can be established.

The feature's probability density functions can also be differentiated with respect to each one of the random
variables. This information is used for selecting the most sensitive parameters in a manner similar to an analysis
performed with a deterministic model. Due to the nature of random variables however, we emphasize that derivatives
can not be estimated with respect to the variables themselves. Instead, their statistics are employed which seems to
provide satisfactory results in most cases. Sensitivity analysis for stochastic models is another area that currently

generates alot of theoretical and applied research.
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Figure 22. Cumulative density function of the peak acceleration.

Fast Running Models

If the correlation with test data is not satisfactory, the next step is to update a subset of the model’s design
variables with the objective of improving its predictive quality with respect to the features selected. Efficient
numerical optimization requires that the objective functions and their gradients be obtained at low computational

cost. Therefore, fast running models must be generated to replace the expensive, large-scale simulation.

This concept isillustrated in Figure 23 for the impact test. The two horizontal axes represent values spanned
by an angle of impact and a scaling coefficient for the hyperfoam model. The vertical, log-scaled axis represents the
PCD cost function (13) obtained by comparing the model’ s three output accelerationsto test data. A total of 9 by 9
designs are andyzed to produce this error surface. These models are independent from each other and they would
typicaly be analyzed in parallel. An equivalent, fast running model may be obtained by fitting a polynomial through
the 81 data points available. A quadratic surface would, for example, be represented by

J(P.;p,) =0, +0 P, +0,p, +0 PP, 0PI e P (25)

and the six unknown coefficients (Goiali'“?a 5) would be best-fitted to the data in a least-squares sense. The

agreement of a particular design with test data can then be interpolated everywhere within the region spanned by the
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input parameters and without having to run the full computation. It is also reported in the recent literature that neural

networks have been applied to this problem with great success.
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Figure 22. Error surface defined from the PCD of test data and simulation results.

Two issues relative to the generation of error surfaces are now briefly discussed. First, the problem of selecting
the design points where the system’ s response is obtained must be addressed. This is important especially when the
experiment or numerical simulation is time and resource consuming. If the input parameters are random variables,
the uniform sampling pictured in Figure 22 may not provide enough information in regions where the feature's joint
probability density function is maximum. This leads to a waste of computational time in the best case and to
inconclusive results in the worst case. Statistical tests must be used to select the next experiment to be run or the
next model to be analyzed with the objective of providing the best possible understanding of the output given a set

of stochastic inputs. This particular areais the focus of recent advances in the statistics community [22].
Secondly, error surfaces must represent the stochastic nature of the problem when the objective is to account
for sources of variability in the experiment and numerical model. For example, the deterministic metric pictured in

Figure 22 may become a joint probability density function or a statistical, “goodness-of-fit” indicator used for
formulating a hypothesistest. As before, the data available can be synthesized into a fast running model

J(py;p,) =a, +a,p, +a,p, H0 ,p,p, HO ,P; H P; +N(P;P,) (26)
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with the main difference that the stochastic nature of the information manipulated must be recognized. This is

achieved in equation (26) by adding astochastic process n(p,;p,) that would typicaly be best-fitted to the data to

represent the characteristics of its distribution. Stochastic processes can also be included to propagate other sources of
discrepancy between test and analysis data such as numerical and truncation errors or to bound the total uncertainty of
the experiment. At this point, the idea of fast running, stochastic models requires more investigation but it seems
very promising for bridging the gap between “parameter uncertainty” (that is, the approach that consists in
parametrizing al modeling errors and sources of uncertainty) and “global uncertainty” (that is, the approach that

consists in capturing the structure of the error without necessarily attempting to identify its source).

Strategies for Model Validation and Verification

Thefina step of a validation procedure is to verify that predictions of the optimized models are correct. This
task is difficult because, in general, no additional data sets are available for the verification. In the conventional
model updating literature, a model is thought to be validated when it matches the identified mode shapes ad
frequencies. However, this does not necessarily imply that the dynamics of a phenomenon has been captured correctly
because modal parameters span a subspace of the actual response. With nonlinear dynamics, things get worst because
the notion of subspace breaks down. Thisisthe old mathematical dilemma between interpolation and extrapolation.
Our “philosophical” view of thisissue isthat model validation does not exist. Thereis only mode “invalidation” as
demonstrated by Pearson’s work on hypothesis testing [23], that is, amodel may be considered correct as long as it
can not be proved wrong. Practically, this means that: 1) Data sets not used during the validation step are required to
assess the predictive quality of amodel; and 2) Probabilities must be assigned to each mode developed to reflect the
degree of confidence (or lack of confidence) in their predictions. This approach is illustrated in Figure 23 with the
impact testbed for which two configurations are validated independently of each other.
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Figure 23. Verification of the model’s prediction with test data not used during the optimization.
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In this example, a 3D modd featuring the thin foam pad (0.25 in.) is optimized to match the measured data.
The optimization provides a set of optimal values for the hyperfoam model, the bolt preload and the angle of impact.
Correlation of the original and final 3D models is shown on the left of Figure 23. The response of the nominal
model at the three output locations is shown in dashed line while the same response is shown in solid line for the
optimized model and instrumented system. Despite small oscillations attributed to numerical noise generated by the
contact algorithm, the optimized model predicts the accel eration levels measured during the test. Note that the metric
used for refining the numerical model (PCD) differs from the metric used to assess the correlation with test daa
which, we believe, provides additional confidence in the final result. Then, the optimal material moddl and the bolt
preload are combined with a thick foam pad (0.50 in.) to vdidate the predictions of an axi-symmetric model. We
emphasi ze that, during this second, independent step, a different configuration of the system, a different data set and a
different numerical model are used. Correlation of the original and final 2D models is shown on the right of Figure

23. Once again, a clear improvement of the model’ s prediction is witnessed.

6. CONCLUSION

The work presented in this publication addresses the correlation of nonlinear models with test data. One of the
specificity is that moda superposition can generally not be considered as a valuable solution technique due to its
inability to represent arbitrary nonlinearity and to capture the dynamics of transient events. For this reason, test-
analysis correlation must rely on time series. Several testbeds developed at Los Alamos National Laboratory in
support of our health monitoring and code validation and verification programs are presented. Their purpose is to
provide experimental datafor validating the strategies implemented for test-analysis correlation and inverse problem
solving. Linear model updating techniques are reviewed and their inefficiency is illustrated using a testbed developed
to analyze nonlinear vibrations. Then, time-domain techniques are discussed and applied with greater success.
Finally, we demonstrate that a careless formulation of the inverse problem in the time domain yields discontinuous
solution fields which violates the most basic laws of mechanics. This difficulty is aleviated by formulating an
optimal controller of the modeling error. This technique is capable of simultaneously 1) handling parametric and
non-parametric identifications; 2) propagating uncertainty and variability using the Bayesian theory of information;
and 3) providing arigorous framework to generate continuous solutions from an arbitrary number of optimizations.

Its computational requirement however makes it impractical for solving meaningful engineering problems.

To bypass some of the difficulties identified in this work, our current emphasis is on replacing inverse
problems with multiple forward, stochastic problems. After a metric has been defined for comparing test and analysis
data, response surfaces are generated that can be used for 1) assessing in a probabilistic sense the quality of a
particular ssimulation with respect to “reference’ or test data; and 2) optimizing the moded’s design parameters to
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improve its predictive quality. One critical issue to be investigated in future research is the definition of adequate
metrics for correlating transient, nonlinear data. Rather than attempting to define deterministic distances, future work

will emphasize dealing with “ clusters” of test and analysis data that must be compared in a statistical sense.
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